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Abstract 

We consider multidimensional cosmological models with a gener- 
alized space-time manifold M = Rx M\ x • • • x M n , composed from 
a finite number of factor spaces Mi, i = 1, . . . , n. 

While usually each factor space M, is considered to be some Rie- 
mannian space of dimension di G IN, here it is, more generally, a 
fractal space, the dimension of which is a smooth function of time 
di(t) £ H. Hence, besides the scale factor exponents (3 l = lnoj and 
their derivatives, we consider also the dimensions di of the factor 
spaces as classical dynamical variables. 

The classical equation of motions and the corresponding Wheeler- 
de Witt equation are set up generally, and the qualitative behaviour 
of the system is discussed for some specific model with 2 factor spaces. 
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1 Introduction 



The observed correlation function of galaxy clusters and the fluctuation 
of microwave background radiation seem to have fractal structure Q, [||. 
These kinds of observations suggest to attribute a fractal structure to the 
universe. When the building blocks of space-time or some of its subspaces 
have a fractal structure, its dimension may have a noninteger value. 

The assumption that space has a continuous dimension, was first pro- 
posed in || where a specific (d + l)-dimensional cosmological model with 
isotropic and homogenous d- dimensional spacelike slices was proposed. Its 
starting point is an extended Einstein-Hilbert Lagrangian in arbitrary d 
space dimension together with a natural constraint between dimension and 
scale factor of the universe. The constraint arises when a cellular structure 
is attributed to space. 

Suppose the dimension of a space M is do and its size do- This space 
can be constructed from a finite number N of c?o-dimensional cells e$. Now 
suppose we have a space M of dimension d > d . In order to build such 
a space from the same number N of cells, these should have an extra di- 
mension d — do- Let us take the extra (d — do)-cel\ to be of small size I 
corresponding to some fundamental length (e.g. the Planck scale). Then 
we get the (i-dimensional volume of M as voLj(M) = iVvoLi (eo)^ d_d °, arid 
analogously the volume of the do-space M as voLj (M ) = Nvo\d (eo) ■ Sine 
the volume of a d- dimensional space of size a is proportional to a d , the 
constraint 




arises. The model || predicts that the universe quickly becomes a FRW 
universe during its expansion. Actually this universe may oscillate between 
a lower scale (the fundamental length) and an upper scale (the size of the 
universe now). During its expansion, the dimension of the universe decreases 
to the present observed value while during its contraction the dimension of 
the universe increases to a finite number. 

This model solves the horizon problem, since there is no starting time 
for the evolution of the universe, and therefore during several contractions 
and expansions all points become correlated. Furthermore there is no big 
bang singularity in the model. 
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On the other hand recent works [5] on multidimensional cosmology, 
generalizing the Kaluza-Klein idea, use the possibility to assign further 
(however constant) dimensions di of additional internal factor spaces Mj 
to the universe in its early stage of evolution. Instead of a dynamical re- 
duction of the spacial dimension (like in ||) here the scales of the internal 
factor spaces contract. 

Multidimensional geometric models are an interesting class to study in 
cosmology, because on one hand, they are rich enough to model features of 
phenomenological interest, on the other hand they provide a well defined 
minisuperspace. The latter is a convenient starting point for covariant and 
conformally equivariant quantization, with the energy constraint yielding 
the Wheeler-de Witt (WdW) equation. 

Here, we generalize the above works by admitting the factor spaces to 
have a fractal dimension which is a smooth function of time. As an example 
we study the case of two factor spaces, one flat and the other compact, 
where the latter has a constant dimension. In fact, the contribution from 
the scale factor of the compact space with constant dimension is formally 
equivalent to some matter field like the perfect fluid of 0. Actually, we 
find it more conclusive (as compared to the standard approach) to have all 
matter created from the geometry of space-time. 

In Sec. 2 we give the setup of the canonical formalism for a multi- 
dimensional cosmology with Riemannian and, more specifically, constant 
curvature factor spaces. After a proper reformulation of the Lagrangian 
and Hamiltonian on the minisuperspace, the canonical quantization can be 
applied. 

Sec. 3 deals with conformally equivariant quantization on a minisuper- 
space. The first quantization of the energy constraint is performed in a 
generally covariant and conformally equivariant manner. Hence, there is no 
factor ordering problem. 

Sec. 4 then considers the Lagrangian variation with dynamical dimen- 
sions, where a constraint might be taken into account by a Lagrange multi- 
plier. However the resulting equations of motion are in general too difficult 
to be solved analytically. 

Therefore in Sec. 5 we consider another, very specific, Lagrangian model 
and derive its equation of motion. 
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In Sec. 6 then the qualitative behaviour of this specific system is dis- 
cussed. 

Sec. 7 refers to the WdW equation for this system and Sec. 8 finally 
resumes the results. 



2 Riemannian factor space cosmology 

A convenient reduction of the superspace of geometries is at hand for the 
class of multidimensional geometries. Usually, with di G IN, such a geometry 
is described by a manifold 

M = R x Mi x . . . x M n , 
D := dim M = 1 + d x + . . . + d n 

n 

g = ds 2 = -e 2l dt®dt + Y. a2 i ds ^ ( 2A ) 

i=l 

where a, = is the scale factor of the factor space Mj of dimension di e IN, 
Here we choose 

ds] = 9h dx^ <g> dx l (i) 

such that ds\ is a regular bounded measure on Mj, with a finite standard 
volume 



volj := / dsi < oo. 

JMi 

The scale factor exponents (3 l — lnt^, i — 1, . . . , n, provide a set of coor- 
dinates for the n-dimensional minisuperspace Ai over M. We subject the 
minisuperspace coordinates . . . , f3 n to the principle of general covariance 
w.r.t. minisuperspace coordinate transformations. 

Like in [f|, ||, we restrict here the M 4 - to be Einstein spaces of constant 
curvature. Then the Ricci scalar curvature of M is 

{- n -i 2 n n 

Y^idih +J2d l [0 t ) 2 ~2^ + 2m + Y,R (l) e-^. (2.2) 
-i=l J i=l J i=l 

The action is usually taken in the standard form 

S = Seh + Sgh + Sm, (2.3) 
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where 



Seh = 77- / J\g\Rdx 
2k Jm v 



is the Einstein-Hilbert action, Sgh is the Gibbons-Hawking boundary term, 
and Sm some matter term. 

Here we choose the boundary conditions such that the terms with 7, 
(3 from ( |2.2|) and Sgh cancel out. Since we always have the possibility to 
introduce one more dilatonic scale factor from the geometry instead of some 
scalar matter field, here we set 5Sm = without restriction. 

Then the variational principle of ( |2.3| ) is equivalent to a Lagrangian 
variational principle over the minisuperspace A4, given in coordinates (3 l . 

S = f Ldt, 



L = -/xexp{- 7 + E^} E^(/^T- Y, d ^ \-V{?) ( 2 - 4 ) 
A i=i ^1=1 L i= i - 1 > 

L 

n 1 n 

V(?) = /iexp{ 7 + J2d i (3 i }[- -J2R [i) e-^} 



4 = 1 1 = 1 

where 

n 

K' l Y[vo\i. (2.5) 

i=i 

Let us define a metric on A4, given in coordinates j3\ % = 1, . . . , n. We set 

:= dfc^ju - 4^ (2.6) 

fc, Z = 1, ...,n, thus defining the tensor components Gij of the minisuper- 
space metric 

G = G ij dft®d$. (2.7) 
Then with a lapse function iV, we obtain the Lagrangian 

L = ' )J ~ (2 - 8) 
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with the energy constraint 



(:,,)'¥ ■ V( f) 0. (2.9) 



2N 2 

A convenient gauge for N is the harmonic one || [J given by 

{n n 
T -£e^H = l. (2-10) 
i=l ' 

Nevertheless, here we do not want to restrict to a specific gauge. Unlike in 
[§], ^ 0, we will prefer to implement a relation like C := 7 — X^ = i c?i/3 l = 
as constraint on the configuration variables /3 l , rather than as a gauge for 
7. Note that for a set of m constraints Ck, k — 1, . . . , m we have to amend 
the potential Vfi by -E*Li ^Mft), yielding 



- Y2 G ij $ i $ j - V(p) + Y,X£ k (P), (2.11) 
with Lagrange multipliers Afc. Let us recall that, although in general the 



variation of (2.11) w.r.t. f3 l and does not commute with the implementa- 



tion of the constraints, at least the set of solutions for (|2.8 ) with Ck((3 l ) = 



resolved and substituted before the variation, is a subset of the solutions of 



the variation of ( 2.1 1|) including the Lagrange multipliers. 

Let us consider now the minisuperspace M. Its signature of is Lorentzian 
for n > 1 (see |J). After diagonalization of ( [2.6| ) by a minisuperspace 
coordinate transformation f3' L — > a 1 (i = l,...,n), there is just one new 
coordinate, say a 1 , in the direction of which the corresponding eigenvalue 
of G is negative. With a further (sign preserving) coordinate rescaling, G is 
equivalent to the Minkowski metric 0. Hence M. is flat. Note that, unlike 
conformal flatness, flatness is not an invariant property under conformal 
transformation on M.. 

In it was pointed out that while f3 l — ► a 1 is only a coordinate transfor- 
mation on M, it transforms a multidimensional geometry (|2.1|) with scale 



exponents (3' L to another geometry which is of the same multidimensional 



type (|2.1|) . This has the same dimensions d{ and first fundamental forms 
dsf, but new scale exponents a 1 of the factor spaces Mj. We can always 
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perform the diagonalization of ( |2.6| ) such that a 1 and hence Mi belongs to 
the unique negative eigenvalue of G. This Mi is identified as "external" 
space. The scale factors of the "internal" spaces M 2 ,...,M n contribute 
only positive eigenvalues to the metric of M.. a 1 assumes in M. the role 
played by time in usual geometry and quantum mechanics. In this way the 
"external" space is distinguished against the "internal" ones, since its scale 
factor provides a natural "time" coordinate on M.. Note however that the 
"minisuperspace time" a 1 can be considered as a time equivalent to t in 
the underlying multidimensional geometry g only if the space Mi with a 1 
is strictly expanding w.r.t. time t. Then the Lorentzian structure of M. 
provides a natural "arrow of time" @. 

3 Canonical minisuperspace quantization 

Canonical quantization essentially consists in replacing the constraint equa- 
tion O by the WdW equation § 

(-i [A - + * = (3.1) 

for a wave function 

We set in the following 

N =: e~ 2f (3.2) 

and admit / € C°°(Ai) to be an arbitrary smooth function on M.. 
In the time gauge given by / the Lagrangian is 

l/:=£fGMFF-Vf(P) (3.3) 

and the energy constraint is 

Ef := ^C;,( i) f V + V*{p) = 0, (3.4) 

where 

f G = e 2f G and V f = e^V. 



7 



With the canonical momenta 



this is equivalent to a Hamiltonian system given by 

H f = —(fGy^iirj + Vf 



(3.5) 



(3.6) 



and the energy constraint 



H f = 0. (3.7) 

The inverse of the minisuperspace metric is given by ^G^ 1 = e _2 ^G _1 , where 
for the system with Eq. (2J3) the components of G" 1 are 



5, 



Qij _ I!i 



(3.1 



At the quantum level H* has to be replaced by an operator H* , acting in 
analogy to ( p.7| ) as 

H f ^ f = (3.9) 

on wavef unctions, which are in a conformal representation of weight b given 
as 



Conformally equivariant quantization of H* from (|3.6| ) yields 

Hf = e ~ 2 fe b fH e~ b f 
1 



(3.10) 



Hf 



2/i 



A f -£ c R f +V f , 



on wave functions tyf = e b f^, where 

b = -{n- 2)/2, 

71-2 



4(n- 1) 



(3.11) 

(3.12) 
(3.13) 
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A / = / G ^ v / v / ( 314 ) 

and both, Rf and the covariant derivative V-^, are determined by the con- 
nection corresponding to the metric ^ G. 

The WdW equation fl3.9| ) is conformally equivariant if and only if Eq. 
( |3.9| ) for any / is equivalent to 

H^I = (3.15) 

where 

H = H f \ f=0 and * = ^ f | /=0 
are the Hamilton operator and the wave function in the gauge / = 0. 

4 Variation with dynamical dimensions 

We now pick up the Lagrangian (|2.11|) of Riemannian factor space cosmol- 
ogy and consider it as Lagrangian with dynamical dimensions di of some 
fractal factor spaces. Hence the dynamical configuration variables are both 
(3 % and di for i — 1, . . . , n. 

In order to implement constraints C, = on the dynamics of dimensions, 
we follow 0. Their constraint is given as follows: Suppose each factor space 
is constructed from a number P of <i-cells, each of which is a product of a 
c?o-cell of macroscopic scale and a (d — d )-ce\\ of microscopic scale. From 
these cells we can built a d dimensional space. For finite P and a vanishing 
measure on the (d — rf )-cells, the c?-volume of the resulting space is zero. 
However if the the d — cio-cells have a length scale i > and nonvanishing 
(d— do)-volume then the volume of each cell is Vd = Vd i d ~ d °- Now if we write 
the scale of the factor space as ie 13 , we will have £ d e d(3 = Pvd or e dfB = e dol3 °. 
Since do and (3$ are constant initial data for the dynamics (take the present 
day values), we obtain the constraint d/3 = c with constant c. 

There are many alternatives for generalizing the above considerations to 
the case of multidimensional cosmology, e.g.: 

1) y% , 'M - 1 

2) Constant YJlLi P l di = c m for some m < n. 

3) Constant f3 x di = Ci for 1 < i < in < n. 
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Slightly more general than case (1) is the following constraint: 

^e-^"^=C, (4.1) 
2 

with a further function fi, and C independent of the dynamical variables. 

This constraint might also be reinterpreted as a generalization of a har- 
monic time gauge of constant \x and 7 as in ||. With the harmonic time 
gauge many interesting cosmological models (see also ||, |[]) have been con- 
structed. 

Note that for constant curvature factor considered here we have i?W = 
Kd^di - 1). 

Taking the constraint (4.1), with Lagrange multiplier A, the Lagrangian 

(grip is 



£ = f exp{- 7 + ]T r/ ( )"} Y; (r i' : l' + Ke 2 ^ ]T - l)e" 2/3! ] 
i=i i=i 



+X (e-^^ -—). (4.2) 

We assume that 

vo] i = m 4 {d i )l?, (4.3) 

where /, is some characteristic length of M iy and is a function of di. For 
dimension d the coupling k is 

k = l d ~ x (4.4) 

for some fundamental length t. 

Then with Eq. (|2.5| ) and dimensionless I, := y we obtain 



//:=£n™*(W- (4-5) 

Variation w.r.t. A just reproduces the constraint. Varying w.r.t. d^ we 
obtain 

-— 

<94 
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= + + ln/ fc + /3 fc )Gy + 

<9d fe m fe 

Ke 2 ^E - l)e- 2 ^(^- + \nl k + /3 fc ) + (24 - IK^JR 
i=i m fc 

X{p k e-^=^ + — (lnZ fc + ^)}. (4.6) 

A* m fc 

The variation w.r.t. /5 fc yields 

d <9L <9L 



Ke 2 nCd k (d k - l)e~ 2pk - \d k e-^ti d ^ j . (4.7) 

For a general space M; the functions are too complicated, and the equa- 
tions above can hardly be solved analytically. Therefore we have taken 
the restriction to spaces of constant curvature, and in the next section we 
consider a more specific model. 



5 Some specific Lagrangian model 

Let us now consider more specific cases of the Lagrangian with n factor 
spaces Mi of dimension dj. In what follows we specify the Lagrangian for 
the cases that all factor spaces are of constant curvature. Then, a space Mj 
of positive curvature is a d;-dimensional sphere. For radius r^, its volume is 

TO ^(sSfcf* (5 ' 1) 

where T is the factorial function. Hence here 

m ^ = Jd- - i)r(^) and li = 2 ^ Ti - 
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In the case of an open factor space, we can regularize the measure dsi such 
that the volume is / dsi = voL < oo. This could be done e.g. by a conformal 
map reducing the radial extension oo — > Zj. For flat Mj in Eq. ( |4.3j ) m i is 
constant. 

In the following we assume: 

a) One of the factor spaces, say M n is compact with constant R^ n \ all the 
other factor spaces Mi, . . . , M n _i are flat. 

b) The dimension d n of this space is constant, all other dimensions are 
variable. 

c) Here we choose 7 = /3o^i, where (3q = /3i(t ) is the present value of the 
scale exponent of the external space Mi. 

With Eqs. ( Q> ), Q4.4j ) and (|5.2[ ), normalizing all volumes with /j = 



£ Vz, choosing the constants mi, ... , m n _i such that 

I[m^j(d n -m^), 

the Lagrangian (|2.S| ) is 

L = e&-M dl+ ZZ=* pldi {G ij i l3 i + R^e 2 ^-^} (5.3) 

This is the generalization of [[| to multidimensional vacuum cosmology, here 
with a potential from the curvature the compact factor space rather than 
the potential there. 

In the following, we consider the alternative (3) of the previous section, 
writing the constraints as 

P% = c t (5.4) 

for 1 < % < m. 

While in the last section, in order to set up the equation of motion, 
we had to variate the Lagrangian with respect to [3\ d iy and the Lagrange 
multiplier taking the constraint into account, here we prefer to resolve the 
constraints first, thus reducing the number of variables. 

For simplicity we restrict to the case of n — 2, m — 1, k = 2, assuming 
that Mi is a flat space of variable dimension d\ subject to a constraint ( |5.4j ), 
and M2 a compact factor space with constant c?2- 
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Then the Lagrangian ( p.3| ) simplifies to 

L = e^-» + ^ {[-($% + (3 2 d 2 f + 1 ) 2 d 1 + 2 ) 2 d 2 ] 



with 

d l = j l (5.6) 

where c is a constant. Its physical value can be found from the observational 
value of the size of the universe [[| . 

In general, when the constraints are implemented before the variation 
of the Lagrangian, we obtain a subset of the full space of solutions. Hence, 
unlike Sec. 4, here we resolve the different constraints in the very beginning. 

Then, besides (|5.6| ), the equations of motion will finally be 

and 

- /"^ (fl! ^ lf( w4 - i) +( w +<i2) 3M* - 1) 

6 Qualitative behaviour of the system 

From the Lagrangian ( |5.5| ) the Hamiltonian can be written 
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As the Lagrangian of this model is not an explicit function of time, the 
Hamiltonian (|6.1|) is a constant of motion. When the system has a solution 
E := — — is a positive constant. 

Let us now first consider the case of constant (3 2 := q. At the early 
universe, it is d\ ^> d Q := di(t ). we get the following equation 

(fry + J_ ^1)2^/30^-2^(2) = E I2 e p 0dl _ qd2 
C 2 & 



Eq. ( |6.2|) is a 1-dimensional mechanical system of constant energy E. The 
minimum value for (3 l (where (3 1 = 0) is 

mm ln(^)-g(d 2 -2)- 

Therefore a maximum value for the dimension of the early universe can be 
derived 



Hm) - - 2) 
A) 



On the other hand from |6^, one finds that 

(3 1 > Vt 

Therefore is a local minimum. As a result the universe of this model 
contracts to a minimum and expands again. This behaviour is similar to 
the previous work ||. The behaviour of this universe at larger (3 l will be 

determined by the factor ( / 9 1 ) 2 e? r in equation (6.2). Therefore with k = 

~j§2) e ~ q( " d2 ~ 2 " > ~ I; Z^ 1 w i n behave as e kt . Therefore this model predicts 
the late expansion of the external space to be inflationary. 

In the case (3 2 ^ 0, for the early universe /5^ in is shifted to a larger 
value. Thus the dynamics of the internal factor space M 2 prevents the 
external factor space Mi (our universe) from reaching a singularity in the 
very early universe. Another virtue of the second factor space to control 
the inflation. The graceful exit of the factor space Mi can only be obtained 
as an effect of /3 2 (t). 

Complementary to the first case above, we have to examine also the 
situation for constant (3 1 . There, the behaviour of j3 2 can be solved easily 
from ( |6.2D . For c?2 = 2 we find (5 2 proportional to ln(t). 
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Therefore the scale factor of the second space decreases as |. As a result 
the general behaviour of the continuous dimensional space is an exponential 
expansion and the second compact constant dimensional space contracts 
slowly. An exact analysis of the behaviour , needs the simulation of ( |5.7] ) 
and (pp. 



7 WdW equation for the model 

Recall that the Lagrangian in an arbitrary gauge, with N = e~ 2 ^, is given 
as 

L f := NL = -^G,, r V - NV{(3 1 ) 

= ^[G ij $ l fi-N 2 V({3% (7.1) 
With the Lagrangian ( p.5| ) and the gauge / = — J2iP l di) we get 

Now we consider the corresponding Hamiltonian 

H f := NH = ^Cj'rV + N 2 V(f3% 

and change from the gauge / = — j(Podi — J2iP l di) to / = 0. Then, in the 
new gauge the Hamiltonian is 

H° = G ij $ i /3 j + V{p) 



+ V(P 1 ) (7.3) 



1 

-( 

4 

where V{p) = -R( 2 ) e 2(M ~^N' 2 = -R^ e ^^ d ^° d ^ 2 . Canonical 
quantization in this gauge yields 

H° = ~A + V, (7.4) 
1 d , , — - — d , 



A = G ij ViVj = —(V-detGG 



i v /_ det Gd(3 iyy dp 
15 



Recall that here n = 2, hence Eq. ( |3.11| ) applies simply with £ c = and 
6 = 0. With d\ = -Sr and constant d 2 the inverse of Gy is 



(G* 



cCl-rfz)-/? 1 



+ 



d 2 ^ c(l-d 2 )-f3 1 



(7.5) 



and V- det G = jr V c ( rf 2 - l)^ 1 + c 2 d 2 - 

Since with n = 2 the conformal weight ( |3.12| ) is b = 0, a solution \1> = \|> 
of the WdW equation H°ty = in the gauge / = is also a solution 
of the the WdW equation fifty* = e~ 2 ^ Hty = in the original gauge 
f = - 4 m-P 1 )di-(3 2 d 2 ). 

Actually here we have minisuperspace curvature R[G) — and det G < 
for f3\ > and cZ 2 > 1- Hence the minisuperspace .M is the 2-dimensional 
flat Minkowski space, like in the analogous case of constant dimensions. 

In order to get a feeling for the qualitative structure of the WdW equa- 
tion, let us write it explicitly along a line of constant (3 2 = q. There, at the 
limit of large d\ it is 

{(^|r) 2 + (^^" + 4 ^ 2 ^ 2 - ^^^-^e^j^l^^C/? 1 ) = (7.6) 

Orthogonally to this, the WdW equation along some line of constant /3 1 = 
t,=P is 

(7.7) 

Finally we want to compare our previous minisuperspace to the case 
with 2 constraints dS % = Ci, for both, i = 1 and i = 2. There 



(G^) = (p 1 p 2 -p 1 c 2 -p 2 c 1 ) 



-l 



(P 2 ~ c 2 ) 



p 1 



P'P 2 



{7.1 



and \/— det G 



Cic 2 {c 2 f3\ + c 1 (3 2 — (3 1 (3 2 ) . Here, for c\/ 2 > and 



d\/ 2 > 1, the minisuperspace M. is always Lorentzian. However, unlike the 
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previous example, it is no longer homogeneous, since 

R[G] = --/WMi + c 1 /? 2 - P'P 2 ) 2 - (7.9) 

For Pi — ► oo or /3 2 — > oo the curvature decays -R[G] — > and .M becomes the 
usual homogeneous Minkowskian space. For Pi — > or Pi — > there ap- 
pears a singularity in the minisuperspace curvature, R[G] — ► oo . However, 
taking the conformal quantization scheme seriously, we should be aware 
that the minisuperspace curvature itself is not an invariant property of the 
quantum system because it may be changed by conformal transformations. 
More specifically, in our case the minisuperspace M. is 2-dimensional, hence 
there exists a gauge / such that M. is flat and therefore also homogeneous. 
So for this model the inhomogeneity ( |7.9| ) is only a property for the specific 
gauge / = 0. According to 0, in canonical minisuperspace quantization 
P 1 and P 2 are just coordinates for M.. Hence the singularity of ( [7.9|) is the 
analogue of a classical coordinate singularity. 

8 Conclusion 

We have investigated the effect of dynamical dimensions of fractal factor 
spaces on the evolution of a multidimensional cosmological model. In a 
mathematically closed approach, we could have set up the differential ge- 
ometry of fractal spaces in the very beginning. This can essentially be done 
using a definition of generalized manifolds by simplicial complexes (as ex- 
emplified e.g. in ||). However, for brevity, here we rather preferred to 
derive the Lagrangian as for constant dimensions, and then to consider the 
dimensions as variables of just this Lagrangian. 

More specifically, we discussed a multidimensional cosmological model 
with two factor spaces, one of them flat with dynamical dimension, the other 
compact with constant curvature and constant dimension. In fact the latter 
behaves like a matter field. By qualitative analysis, the behaviour of the 
system shows that the universe, i.e. the factor space Mi, contracts, passes 
through a state of minimum size (maximum dimension), and expands. 

For a static internal space (compare jJJ), i.e. for constant P 2 = q, in 
the late expansion, for large P 1 , the universe inflates double exponentially. 
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Therefore, the dimension decreases very fast to its minimum value. Actually, 
the scale factor (3 2 of the compact constant dimensional space Mi controls 
the behaviour of the expansion of universe. Eventually the dynamics of (3 2 
might be the only way to obtain a graceful exit to the effective model ||. 
Again this model, as in the case of , has no big bang singularity. However, 
in order to find the complete behaviour of this model, a more sophisticated 
analysis would be required. 

In the case of a static internal space M2, near the maximun of di, i.e. 
minimum of the present model is effectively represented by a model 
M, |6| with only constant dimensions. There the minimum value of /3 1 could 
be related to the quantum creation of the real Lorentzian space-time from 
an Euclidian region. So, the present model is compatible with a quantum 
creation of our universe. 

We have further derived the WdW equation for the minisuperspace of 
this model. Like in previous works on multidimensional cosmology, here 
the metric describes a Minkowskian minisuperspace. For the slightly more 
general case of both factor spaces subject to the same type of constraint 
( |5.4j) , in the gauge / = 0, we find an inhomogeneity and singularities in the 
minisuperspace curvature R. However, in the case of only 2 factor spaces, 
the conformal class of G is in any case the flat Minkowskian one. 
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